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A B S T R A C T

In this work, we develop a non-parametric shape optimization method for designing low yield steel shear panel
dampers (SPDs) under cyclic loading to enhance their energy dissipation capacity and verify it by experiments.
Considering material nonlinearity (elastic-plastic) and geometric nonlinearity (large deformation), we formulate
a shape optimization problem based on the variational method for 3D solid continua under cyclic loading, in
which the plastic work in terms of von Mises equivalent stress is used as the objective function under a volume
constraint. Considering the optimality conditions for the plastic work maximization problem, we theoretically
derive the shape gradient function based on the Lagrange multiplier method, the material derivative formula,
and the adjoint variable method. The derived shape gradient function is used to the H1 gradient method for
designing the optimal shapes of 3D solid continua. We apply the developed shape optimization method to design
SPDs made of low yield steel, which is an elastic-plastic material owning high-energy dissipation capacity. Cyclic
enforced displacements acting on SPDs are used for simulating cyclic loading and evaluating the capacity of
energy absorption of SPDs. To evaluate the nonlinear finite element analysis, we also perform cyclic loading test
on SPDs. Two design examples of SPDs without and with holes are optimized to verify the validity of the
developed shape optimization method. The results show that the developed optimization method works effec-
tively to enhance the plastic work of SPDs. As a feature, this method can design SPDs more efficiently when
considering the variation in the thickness direction.

1. Introduction

Utilizing the plastic deformation to absorb the seismic energy, shear
panel dampers (SPDs) are one of the essential devices in infrastructures.
For instance, SPDs can be assembled in bridge structures [1,2], such as
between superstructure and bridge piers as shown in Fig. 1(a). They
also can be set in steel structures as bracing type [1,3-5], e.g. X bracing
type as shown in Fig. 1(b). In seismic design, many countries with high
seismic activity adopt a two-level seismic design procedure, in which
the earthquake ground motions are divided into minor to moderate
earthquake for level 1 and large earthquake for level 2 [6]. To fit each
of the two design levels, SPDs should be made of materials with in-
elastic excursions accompanied by large ductility, since the post-
yielding hysteresis of the materials is the source of energy dissipation
[7]. In the design of SPDs, identifying the cyclic loading induced by
earthquake that generates shear response on the SPDs is also important,

however, it is beyond the scope of the present work and we do not
discuss it anymore.

Considering their excellent energy dissipation capacity under cyclic
loading, low yield steel (LYS) SPDs have been widely applied for pas-
sive mitigation of seismic energy. Accordingly, scholars have been
studied the yield strength and fatigue life of LYS SPDs [4,8–11]. Matteis
et al. [4] carried out nonlinear dynamic analysis of steel frames en-
hanced with LYS SPDs to examine the seismic response, and concluded
that LYS SPDs can strongly enhance the seismic behavior of steel
frames. To utilize the ductility of LYS SPDs sufficiently, Zhang et al. [8]
optimized the shapes of SPDs by introducing holes or ribs to alleviate
the stress concentration, and conducted hysteretic incremental experi-
ments to verify the improvement of the deformation capacity of the
SPDs. For the same purpose of stress concentration reduction, Lee et al.
[10] studied the cyclic behavior of steel strip dampers by introducing
holes and evaluated it by cyclic loading test.
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On the other hand, finite element method (FEM)-based parametric
shape optimization method for designing SPDs makes an important role
for enhancing their energy dissipation capacity under cyclic loading
[12]. There are two nonlinearities in finite element analysis of SPDs,
which are geometric nonlinearity and material nonlinearity. Geometric
nonlinearity relates to nonlinear strain-displacement relations and can
lead to a large deformation problem. Material nonlinearity is due to
nonlinear constitutive behavior of the material, in which a widely used
approach is to treat the material as an elastic-plastic strain hardening
material and perform an incremental analysis [13]. Hibbitt et al. [14]
reviewed the nonlinear finite element analysis works regarding to large
deformation and material nonlinearity at the time and firstly developed
an incremental and piecewise FEM for large deformation reference to
the elastic-plastic materials. The motivation of this study is to develop a
FEM-based non-parametric shape optimization method for designing
the elastic-plastic SPDs (without or with holes) under cyclic loading
considering geometric nonlinearity and material nonlinearity.

Large deformation problem, in terms of geometric nonlinearity,

demands methods to estimate the yield strength or fatigue life of en-
gineering components and structures under cyclic loading [15–22]. For
example, Döring et al. [15] proposed an improved set of constitutive
equations for estimating the fatigue life of a thin-walled tubular spe-
cimen under cyclic loading, and compared the results to the experi-
mental results. Usami et al. [18] conducted low-cycle fatigue (LCF) test
to address the LCF strength of aluminum alloys in order to enhance the
durability of buckling-restrained braces utilized in bridge engineering.
Considering geometric nonlinearity, Ihara et al. [23] proposed a shape
optimization method for designing 3D solid continua in the displace-
ment path control problem. With respect to large deformation problem,
small strain formulation can be taken as a special case of nonlinear
large strain formulation [14]. Kosaka et al. [24] carried out shape de-
sign optimization of shell structures in plastic range for the reaction
forces control problem, in which the Green–Lagrange strain and the
second Piola–Kirchhoff stress were adopted to deal with large de-
formation in the structural analysis.

Shape design optimization is a procedure to improve or enhance the

Nomenclature

(•̄) variation
′(•) shape derivative

= ′ + V(•)̇ ( (•) (•) )i i, material derivative
=∂ ∂x(•) ( (•)/ )i i, partial differential notation

̂( • ) the correction term
a (•,•) internal virtual work
Cijkl elastic-plastic stiffness tensor
D feasible set of T (Ω)s
E Young’s modulus

=G nG( ) shape gradient function
=h X Xh( ) ( ( ))k enforced displacement vector

l (•) external virtual work
l (•)t, virtual work rate of external load
l (•)h t, virtual work rate of enforced displacements
L Lagrange functional
M volume
M0 constraint volume
Ni designated points

=P X Xt P t( , ) ( ( , ))i external load vector
s iteration history of domain variation
t τ, time
T final time

XT ( )s one-to-one mapping of domain

U kinematically admissible set of displacement
U0 kinematically admissible set of displacement variation or

adjoint displacement
=u u{ }i displacement vector
=u u¯ { ¯ }i adjoint displacement vector

V design velocity field
W plastic work

=x x x x( { , , })1 2 3 position vector in Ωs
=X X X X( { , , })1 2 3 position vector in Ω

 a set of real numbers
3 3-dimensional space

δε t( )pl variation of plastic strain
uε ( )ij strain tensor

̂ uε ( )ij correction term with respect to adjoint strain
ε t( )pl plastic strain
ν Poisson’s ratio

=σ u uσ( )( ( ))ij stress tensor
σ t( )Mises von Mises equivalent stress

tΔ time variation
Γ boundary of the initial domain Ω
Γs boundary of domain after domain variation Ωs
Λ Lagrange multiplier for volume constraint
Ω domain of the initial solid continuum
Ωs domain of the solid continuum after domain variation

Fig. 1. Schematic diagram of SPDs assembled in full-scale structures.
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performance of structures (e.g. SPDs) by optimizing design parameters,
and the shape optimization methods can be generally classified into
parametric method and non-parametric method. The parametric
method based on basis vectors is effective for reducing the number of
design variables, but needs considerable knowledge and experience of
shape parameterization among designers [12,25–30]. In contrast, the
non-parametric method for obtaining free-form optimal shapes is a
parameter-free optimization method, which has advantages of treating
large-scale problems efficiently and owning the ability to obtain op-
timal shapes without design parameter [31–36]. Meske et al. [31]
proposed a new shape optimization method for continuum solids based
on an optimality criterion, where the non-parametric geometry re-
presentation resulted in a complete design space for the FEM-based
optimization, and hence was preferable to any restricted design space.
Le et al. [32] proposed a gradient-based non-parametric optimization
method that used finite element node coordinates as design variables
that allowed the most freedom for shape change and avoided the time-
consuming parametric optimization process.

The traction method, also named the H1 gradient method, is a one of
the non-parametric shape optimization method, which consists of sen-
sitivity analysis, derivation of shape gradient function and a gradient
method with a P. D. E. (Partial Differential Equation) smoother in the
Hilbert space for shape optimization of continua. This method was
firstly proposed by Azegami [37] and some related works have been
reported for linear elastic problems of 3D continua [38–40]. The trac-
tion method is a non-parameter shape optimization method that treats
all nodes in the body as design variables. The advantages of this method
include efficiency for treating large-scale problems and the ability to
obtain smooth free-form optimal shapes of 3D solid continua (e.g.
SPDs).

Most of the referred shape optimization works above focus on de-
signing linear elastic materials. Because SPDs are usually made of LYS,
an elastic-plastic material owning high LCF behavior under cyclic
loading, material nonlinearity (e.g., elastic-plastic property) needs to be
considered in shape design optimization of SPDs. However, FEM-based
shape optimization for elastic-plastic materials is complicated and re-
quires huge computation time. Hence, shape optimization for elastic-
plastic materials was seldom carried out [24,28,29,41–43]. Ihara et al.
[42] presented a non-parametric shape design optimization of 3D solid
continua taking into account elastic-plastic property for minimizing the
external work. Deng et al. [28,29] optimized the shapes of steel SPDs
and U-shaped damper made of elastic-plastic materials using the
parametric optimization method, where they carried out finite element
analysis using ABAQUS, and verified the numerical results by cyclic
loading test. Anyway, FEM-based numerical analysis of SPDs con-
sidering large deformation and material nonlinearity needs some

assumptions, thus experimental verification is preferred. Accordingly,
we also conduct experimental works to verify the proposed method
with nonlinear finite element analysis in the present work.

Considering both geometric nonlinearity and material nonlinearity,
we extend the traction method for shape design optimization of elastic-
plastic SPDs under cyclic loading, and conduct the cyclic loading test on
SPDs for experimental verification. In Section 2, we introduce the basic
concepts of shape optimization method for 3D solid continua con-
sidering both geometric nonlinearity and material nonlinearity. In
Section 3, we develop the non-parametric shape optimization method
for designing elastic-plastic SPDs under cyclic loading and construct the
shape optimization system. In Section 4, we present the experimental
work of the cyclic loading test on LYS SPDs. In Section 5, we optimize
two examples of SPDs without or with holes to verify the validity of the
developed shape optimization method and express the comparison re-
sults between nonlinear finite element analysis and experiments. Fi-
nally, remarkable conclusions are presented in Section 6.

2. Basic concepts of shape design optimization of shear panel
dampers

2.1. Domain variation in 3D solid continua

To develop the non-parametric shape optimization method for de-
signing SPDs, we introduce the domain variation in 3D solid continua
based on the shape gradient method at first. As shown in Fig. 2, a 3D
solid continuum owns the initial domain ⊂Ω 3 and its boundary Γ.
This solid continuum undergoes variation (i.e. the design velocity field)
V , so that the initial domain and boundary become Ωs and Γs, respec-
tively. The domain variation of the 3D solid continuum can be ex-
pressed by a one-to-one mapping, given as:

∈ ↦ ∈ ⩾X X xT s( ): Ω Ω , 0s s (1)

The design velocity field V for shape design optimization is given as
a derivative of XT ( )s in terms of s, shown as:

=
∂

∂
−V X XT

s
T( ) ( ( ))s

s
1

(2)

Fig. 2. Schematic diagram of domain variation in the solid continuum.

Fig. 3. Schematic diagram of elastic-plastic analysis and adjoint analysis.
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The determination of V is a key point for shape updating in the
shape design optimization, which is named velocity analysis or sensi-
tivity analysis that has been introduced in detail in our previous works
[39,40]. We will derive the shape gradient function for determining the
optimal design velocity field in Section 3.2.

2.2. Weak-form governing equation considering geometric and material
nonlinearities

According to geometric nonlinearity, we assume a large displace-
ment and small strain formulation as a special case of the nonlinear
large strain formulation [14], and adopt the small strain for simplicity
in the present work. The strain rate tensor of 3D solid continua is shown
as:

= +uε u u( ) 1
2

( )ij t t i jt j it, , , , (3)

Then, we consider material nonlinearity in the constitutive equa-
tion, in which a relationship between the stress rate tensor and the
strain rate tensor is set based on the classical elastic-plastic theory for
simplicity, shown as:

= σσ t C t ε t( ) ( ( )) ( )ij t ijkl kl t, , (4)

where Cijkl is a function of σ t( ) in the elastic-plastic constitutive equa-
tion. Thus, based on the principle of virtual displacements, the weak-
form governing equation in incremental form within ∈t T(0, ) of a 3D
solid continuum under external load and enforced displacement can be
derived as:

∫ − = ∈ ∀ ∈u u u u ul a dt U U¯ ¯ ¯{ ( ) ( , )} 0, ,
T

t t0 , , 0 (5)

where

∫=ul P u d¯( ) ¯ Γt i t i, Γ ,
s (6)

Fig. 4. Flowchart of the non-parametric shape optimization system.

Fig. 5. Constitutive law of LY100.
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∫=ul C h u dx¯( ) ¯h t ijkl k lt i j, Ω , ,
s (7)

∫ ∫= =u u σ u ua C ε ε dx C u u dx¯ ¯( , ) ( ) ( ) ¯ ( ) ¯t ijkl kl t t ij ijkl k lt i j, Ω , , Ω , ,
s s (8)

= ∈ × = = ⋯

=

∈ =u uU T u n r n

0

{ (·,·) (H (Ω (0, ))) }|( )| 0, 1, 2, , , |

}
xs

n
i ri t

1
Γ 0

(9)

= ∈ × = = ⋯∈uU T u n r n¯{ (·,·) (H (Ω (0, ))) }|( )| 0, 1, 2, , }xs
n

i ri0
1

Γ (10)

where × T(H (Ω (0, )))s
n1 denotes the Hilbert space of order 1 on the

domain × TΩ (0, )s that consists of n-dimensional vector functions.

3. Non-parametric shape optimization method for designing shear
panel dampers

3.1. Plastic work maximization problem

The von Mises yield criterion, a formula for combining three prin-
cipal stress into an equivalent stress, has been widely used in materials
science and engineering [44–46]. In the present work, we develop a
non-parametric shape optimization method for elastic-plastic 3D solid

Fig. 6. Cyclic loading test setup.

Fig. 7. Enforced displacement history of cyclic loading test.

Fig. 8. Initial shape of example 1.
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continua (e.g. SPDs) under cyclic loading, in which the plastic work in
terms of von Mises stress is used as the objective function, given as:

∫ ∫= =W σ t δε t dx P u d( ) ( ) ΓMises
pl

i i tΩ Γ ,
s s (11)

Thereby, the plastic work maximization problem is formulated as:

Given Ω (12)

Vfind (13)

− Wthat minimizes (14)

⩽M Msubject to Eq. (5) and 0 (15)

In the next section, we will derive the shape gradient function for
determining the design velocity field V utilized in velocity analysis.

3.2. Derivation of shape gradient function

We use the Lagrange multiplier method and the material derivative
formula for the shape design optimization of SPDs in the plastic work
maximization problem. As expressed in Nomenclature, material deri-
vative is defined as = ′ + V(•)̇ (•) (•) i i, , where ′(•) indicates shape deri-
vative (i.e. the partial derivative with respect to t) and V(•) i i, is the
convective term [47]. Considering the objective function (Eq. (11)), the
governing equation (Eq. (5)) and the volume constraint (Eq. (15)), the
Lagrange functional L for this problem can be written as:

∫= − + − + −u u uL W l a dt M M¯ ¯{ ( ) ( , )} Λ( )
T

t t0 , , 0 (16)

The material derivative of L with respect to the domain variation is
derived using the design velocity field V as:

Fig. 9. Contour maps of plastic strain distribution in the initial shape of example 1 at each load step.

Fig. 10. Numerical vs. Experimental results of energy absorption of initial
shape of Example 1.
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∫ ∫

∫

∫

∫

∫

∫

∫

= − ′ + ′ + ′ + +

+

− ′ + ′ + ′

−

− ′ + ′ + ′

−

+ − +

= − − + − + −

− − + − + 〈 〉

u u u u u u u u

u u u h h u n V

L W P u P u P n u P u n

P u κ n V d

C h u C h u C h u dx

C h u n V d

C u u C u u C u u dx

C u u n V d dt

M M n V d

l l a l l a

a a dt M M G

¯′ ¯′ ¯′ ′ ′ ′ ¯′

′ ¯′ ′ ¯

̇ [ { ¯ ¯ ( ¯ ¯

¯ ) } Γ

( ¯ ¯ ¯ )

¯ Γ

( ¯ ¯ ¯ )

¯ Γ]

Λ̇( ) Λ Γ

[{ ( ) ( ) ( , )} { ( ) ( ) ( , )

({ } , , ) ({ } , , )}] Λ̇( ) ,

T
i t i i t i i jt j i i t i j j

i t i k k

ijkl k lt i j ijkl k lt i j ijkl k lt k l

ijkl k lt i j m m

ijkl k lt i j ijkl k lt i j ijkl k lt k l

ijkl k lt i j m m

i i

T
t h t t t h t t

C t
T

t C t
T

t

0 Γ , , , , ,

,

Ω , , , , , ,

Γ , ,

Ω , , , , , ,

Γ , ,

0 Γ

0 , , , , , ,

, 0 , , 0 , 0

s

s

s

s

s

s

(17)

where { }T
0 indicates time integral from 0 to T . u u ua ′ ¯({ } , , )C t

T
t, 0 , and

h h ua ′ ¯({ } , , )C t
T

t, 0 , are the terms with respect to the stiffness variation of
elastic-plastic SPDs according to the adjoint displacement during the
cyclic loading and the enforced displacement [23], respectively, shown
as:

∫= ′u u ua C u u dx′ ¯({ } , , ) ¯C t
T

t ijkl k lt i j, 0 , Ω , ,
s (18)

∫= ′h h ua C h u dx′ ¯({ } , , ) ¯C t
T

t ijkl k lt i j, 0 , Ω , ,
s (19)

Note that due to difficulty of solving ′Cijkl, u u ua ′ ¯({ } , , )}C t
T

t, 0 , and
h h ua ′ ¯({ } , , )C t

T
t, 0 , should be calculated by a special method as shown in

the next section.
The optimality conditions of Eq. (17) are given as:

∫ − = ∀ ∈u u u ul a dt U¯′ ¯′ ¯′{ ( ) ( , )} 0,
T

t t0 , , 0 (20)

∫ − − −

= ∀ ∈

u u u u u u h h u

u

l a a a dt

U

′ ′ ¯ ′ ¯ ′ ¯

′

{ ( ) ( , ) ({ } , , ) ({ } , , )}

0,

T
t t C t

T
t C t

T
t0 , , , 0 , , 0 ,

(21)

⩾ − ⩽ − =M M M MΛ 0, 0, Λ( ) 00 0 (22)

where Eq. (20) is the governing equation of elastic-plastic analysis, Eq.
(21) is the adjoint equation for the adjoint displacement ū in adjoint
analysis, and Eq. (22) is in terms of the volume constraint. Assuming
that the external loads P X t( , ) is not varied in the design space and time
(i.e. = =P P′ ̇ 0) and the enforced displacement direction is conserved

Fig. 11. Optimal shape of example 1 without thickness variation.

Fig. 12. Iteration history of example 1 without thickness variation.

Fig. 13. Comparison of reaction force-enforced displacement curves of initial
shape and optimal shape of example 1 without thickness variation.
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(i.e. =h h′ = ̇ 0), the material derivative can be obtained as:

∫ ∫= 〈 〉 = + +n VL G C u u C h u n V d dṫ , { ( ¯ ¯ Λ) Γ}
T

ijkl k lt i j ijkl k lt i j m m0 Γ , , , ,
s

(23)

3.3. Solution of the adjoint equation

Eq. (20) can be solved using a general nonlinear FEM, whereas the
solution of Eq. (21) is too complicated to be solved due to the terms of

u u ua ′ ¯({ } , , )}C t
T

t, 0 , and h h ua ′ ¯({ } , , )C t
T

t, 0 , . Ihara et al. [42] proposed a
solution method for the adjoint equation based on the path dependency
of σ t( ) within ⩽ < ⩽τ t T0 with respect to the monotonic increasing
loading. Here, we extend this method to solve the adjoint equation
according to the cyclic loading and the enforced displacement. Because
the method of solving u u ua ′ ¯({ } , , )}C t

T
t, 0 , and h h ua ′ ¯({ } , , )C t

T
t, 0 , are the

same, the solution of u u ua ′ ¯({ } , , )}C t
T

t, 0 , is expressed as a representative.
We rewrite u u ua ′ ¯({ } , , )}C t

T
t, 0 , as:

∫ ∫

∫ ∫

∫ ∫

= ′ = ′

= ′

= ′

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

( )
( )

u u ua C u u dx σ u u dx

u τ dτ u u dx

C τ u τ dτ u u dx

′ ¯({ } , , )} ¯ ¯

( ) ¯

( ) ( ) ¯

u

C t
T

t ijkl k lt i j
C
σ mn k lt i j

C
σ

t σ t
σ τ

σ σ
ε σ q rt k lt i j

C
σ

t σ t
σ τ opqr q rt k lt i j

, 0 , Ω , , Ω , ,

Ω 0
( )

( )
( )

( ( )) , , ,

Ω 0
( )

( ) , , ,

s s

ijkl

mn

s

ijkl

mn
mn
op

op t

qr t

s

ijkl

mn
mn
op

,

,

(24)

Considering the path dependency, σ t( ) can be obtained within
⩽ < ⩽τ t T0 where ∂ ∂σ t σ τ( )/ ( )ij kl is defined as:

∂

∂
≡

∂

∂ −

∂ −

∂ −
× ⋯

∂ +

∂→

σ t
σ τ

σ t
σ t t

σ t t
σ t t

σ τ t
σ τ

( )
( )

lim
( )

( Δ )
( Δ )

( 2Δ )
( Δ )

( )
ij

kl t

ij

mn

mn

op

op

klΔ 0 (25)

Using the Dirichlet’s theorem for double integral of a given con-
tinuum function ϕ t τ( , ), which is assumed to be continuous in

⩽ < ⩽τ t T0 , shown as:

∫ ∫ ∫ ∫=ϕ t τ dτdt ϕ t τ dtdτ( , ) ( , )
T t T

τ

T

0 0 0 (26)

Then, we have

∫

∫ ∫ ∫

∫ ∫ ∫

∫

= ′

= ′

=

∂

∂

∂

∂

∂

∂

∂

∂

u u u

u u

a dt

C τ u u u dτdtdx

C τ u u u dtdτdx

a τ τ dτ

′ ¯

′ ¯ ̂

({ } , , )}

( ) ¯

( ) ¯

( ( ), ( ))

T
C t

T
t

T t C t
σ t

σ t
σ τ opqr k lt i j q rt

T
τ
T C t

σ t
σ t
σ τ opqr k lt i j q rt

T
t

0 , 0 ,

Ω 0 0
( )
( )

( )
( ) , , ,

Ω 0
( )
( )

( )
( ) , , ,

0 ,

s

ijkl

mn
mn
op

s

ijkl

mn
mn
op

(27)

where the correction term with respect to the adjoint displacement
variation u τ¯ ̂ ( ) can be expressed by the strain component ̂ uε τ¯ ̂( ( ))op ,
given as [42]:

̂ ∫=
∂

∂

∂

∂
uε τ

C t
σ t

σ t
σ τ

ε δε dt¯ ̂( ( ))
( )
( )

( )
( )op τ

T ijkl

mn

mn

op
kl t ij,

(28)

Thus, adjoint equation in incremental form with respect to the ad-
joint displacement ū is shown as:

Fig. 14. Contour maps of plastic strain distribution in the SPDs of example 1 at the last cyclic step.

Fig. 15. Numerical vs. Experimental results of energy absorption of optimal
shape of Example 1 without thickness variation.
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̂
∫ ∫ ∫

∫

∫ ∫ ∫

∫ ∫

∫

+ = ′

+

= −

= ′ − ′

= − ′

− ′ ∀ ∈

u u u u u

u

u u

u

a τ τ τ dτ C ε ε

ε dxdτ

l τ l τ dτ

P u d C h u dx dτ

P u d

C h u dx dτ U

′ ¯ ¯ ̂ ¯

¯ ̂

′ ′

( ( ), ( ) ( )) ( ){¯ ( )
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According to the adjoint equation, the final adjoint displacement
u T¯ ( ) caused by the adjoint load can be determined using the stiffness
tensor at the final time T . Then, we can trace the adjoint displacement
u τ¯ ( ) from u T¯ ( ) to ū (0).

However, because calculation of the shape gradient function con-
sidering adjoint equation requires large memory capacity and high-
speed computation, we carry out elastic-plastic analysis and adjoint
analysis in the loading direction only at the points of designated time,
and use the proportional loads among the points of designated time. As
shown in Fig. 3, we draw the multi-step process of elastic-plastic ana-
lysis at first, in which we designate points N1, N2, N3,… , Nn on the route

of enforced displacements in −σ ε curve from point O ( =n 200 of each
cycle is used in the present work), and determine tΔ according to the
precision and time of simulation. Next, we carry out adjoint analysis
tracing from point Nn to point O, the final enforced displacement at
point Nn is used for the calculation of adjoint strain in adjoint analysis.
It needs to note that the stiffness tensor according to the optimal shape
at each step used in adjoint analysis should be the same as that used in
elastic-plastic analysis. To save the memory and time of computational
simulation, the adjoint analysis is only carried out at the points N1, N2,
N3,… , Nn of designated time. Therefore, we calculate ̂ uε τ¯ ̂( ( ))op at the
points N1, N2, N3,… , Nn by using Eq. (28) and substitute the results into
Eq. (29) for obtaining the adjoint strain in terms of the shape gradient
function.

3.4. Non-parametric shape optimization system for designing elastic-plastic
SPDs under cyclic loading

The traction method for elastic 3D solid continua in terms of com-
pliance minimization problem has been proposed in one of our previous
works [39], in which its accuracy and effectiveness have been verified.
In the present work, we extend the traction method to design elastic-
plastic SPDs under cyclic loading. Because the traction method treats all
nodes in the solid body as design variables and does not require any
shape design parameterization, it is a non-parametric shape optimiza-
tion method. The traction method is adopted in velocity analysis for
determining the optimal design velocity field. It is also a gradient
method with a Laplacian smoother [48]. In a common gradient-based
shape optimization procedure, the shape gradient function (i.e. the
sensitivity function) should be derived and calculated at first. Then, the
determined shape gradient function is used for shape update. When the
node coordinates are taken as design variables, the initial independent
node movement technique, i.e. using the determined sensitivity func-
tion as the optimal design velocity field directly, often encounters ex-
tensive computation time, requiring re-mesh, and non-smooth optimal
shape problems [49]. To solve these problems, we apply traction forces
proportional to the negative shape gradient function − G in the normal
direction to the design boundary of the objective structure (i.e. the SPDs
in this study) in velocity analysis to determine the optimal design ve-
locity field V . This procedure is named as the traction method.

Fig. 4 shows the flowchart of the developed non-parametric shape
optimization system for designing SPDs under cyclic loading. The
system starts from elastic-plastic analysis (Eq. (20)) and adjoint analysis

Fig. 16. Optimal shape of example 1 with thickness variation.

Fig. 17. Iteration history of example 1 with thickness variation.
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(Eq. (29)), in which we perform the nonlinear finite element analysis of
SPDs under cyclic loading to solve Eqs. (28) and (29). Then, sub-
stituting their outputs into Eq. (23), we calculate the shape gradient
function G. Next, we carry out velocity analysis by acting the traction
forces proportional to the negative shape gradient function − G on the
design boundary of the SPDs to get the optimal design velocity field V
based on the traction method. At last, we update the shape of the SPDs
according to V . If the updated shape is not satisfied the volume con-
straint (Eq. (15)), we act a uniform traction forces on the design
boundary of the SPDs to determine the Lagrange multiplier Λ for shape
update again to satisfy the volume constraint. Repeating this process
until the convergence is confirmed, we obtain the final optimal shape of
SPDs under cyclic loading. In this process, elastic-plastic analysis and
adjoint analysis are carried out using an implicit nonlinear FEM solver
MSC NASTRAN, and velocity analysis is performed using a standard
linear elastic FEM code.

4. Experimental verification

In terms of nonlinear numerical analysis of SPDs, some assumptions
should be given. So it is preferred to verify nonlinear numerical analysis

by experiments. Accordingly, we conducted cyclic loading test on SPDs
using the Universal/Tensile Testing Machine (SHIMADU AG-250kN/
300kNXplus) in the present work. The specimens of SPDs were made of
LY100 steel, which is a kind of LYS. The constitutive law of LY100
determined from tensile coupon test with tensile speed 24mm/min is
shown in Fig. 5, which is also used in the numerical analysis. Moreover,
the sizes of the specimens of SPDs and the cyclic loading conditions are
the same as the FEM analysis given in each example.

We show the cyclic loading test setup in Fig. 6(a), in which two
specimens of SPDs were set up between the self-made middle and side
jigs. Fig. 6(b) shows the CAD drawing of the self-made jigs, in which the
specimen of SPD was connected to the jigs by six M10 bolts. The middle
jig was connected to the crosshead for producing the enforced dis-
placements according to the tension and compression testing. Repeating
the tension and compression testing by using the universal testing
machine to perform the cyclic loading test could not only realize the
simple shear loading, but also eliminate the bending force to the testing
machine. The enforced displacement history of the cyclic loading test is
shown in Fig. 7, in which the enforced displacement in each cycle was
set as± 1.8mm,± 3.6mm,… , ± 12.6 mm (with increment± 1.8
mm) and returned back to 0.0 mm at step 15. The loading speed is set
as the same as the tensile coupon test (24mm/min) for using the same
constitutive law (Fig. 5) in experimental verification. The amount of the
energy absorption of each step was determined by integrating the
product of the reaction force vector.

Note here that, due to the limitation of the experimental facility, the
enforced displacement history of the cyclic loading test (Fig. 7) and the
model size of each design example are set only for experimental ver-
ification and evaluation of the developed optimization method. In a real
structural design (e.g., design of dampers in bridge structures), the
enforced displacement and the damper size should be larger than the
given design examples. However, the enforced displacement and the
damper size can be amplified by any times (e.g. 10 times) as much as
each example in the finite element analysis. Thereby, if using the pro-
posed dampers in the present work in a real structural design, for in-
stance, when the enforced displacement is set as 10 times as much as
shown in Fig. 7, the damper size in each design example can be also
amplified by 10 times.

Fig. 18. Initial shape of example 2.

Fig. 19. Numerical vs. Experimental results of energy absorption of initial
shape of Example 2.
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5. Results and discussion

5.1. Initial setting of design examples

To confirm the validity of the developed shape optimization
method, we design two examples for shape optimization of SPDs made
of LY100 steel without or with holes. Because the shape optimization
method is developed for 3D solid continua, we design the optimal
shapes of SPDs without or with considering thickness variation in each
example. In the finite element analysis, the hardening rule is defined by
the Chaboche formulation [50]; ν is set as 0.3; one side of each SPD is
fixed and cyclic enforced displacements acted on the other side of each
SPD are used for simulating cyclic loading and evaluating the capacity
of energy absorption; the constraint volume M0 is set as the same as the
initial volume.

5.2. Design example 1

In the first example, we optimize the shape a SPD without holes. The
initial size of the SPD is shown as Fig. 8, in which (a) and (b) express the
front view and isometric view of the initial shape, respectively. We also
show the photo of the specimen used in the cyclic loading test in
Fig. 8(a). The FEM model for elastic-plastic analysis and velocity ana-
lysis contains 2529 nodes and 1448 elements. In elastic-plastic analysis
shown as Fig. 8(a), the left side of the SPD is fixed, and the right side is
acted by the cyclic enforced displacements given as Fig. 7. In velocity
analysis for shape update, all of the nodes on the two support members
are constrained in x1, x2, and x3 direction for maintaining the SPD edges
connected to the support members. In the case of without considering
thickness variation, all of the nodes on the SPD are constrained in x3
direction in velocity analysis to keep the thickness of the SPD without
variation. Because the plastic strain is also an evaluation criterion of
LCF, we show the contour maps of plastic strain distribution de-
termined from FEM at each load step of the initial shape in Fig. 9. The
cyclic loading test of the specimen was performed to measure the en-
ergy absorption. Fig. 10 shows the comparison of the results of the
energy absorption obtained from FEM and experiment, where the en-
ergy absorption of FEM is a little higher than that of experiment in most
of the cyclic step. We consider the reason as that slight variation in x3
direction occurred in the four corners of the SPD during the cyclic
loading test, and hereby the capacity of energy absorption of the SPD
was decreased. We also show the photos on the spot of the initial SPD at
load steps 1, 7 and, 14 during the cyclic loading test in Fig. 10.

Fig. 20. Optimal shape of example 2 without thickness variation.

Fig. 21. Iteration history of example 2 without thickness variation.

Fig. 22. Comparison of reaction force-enforced displacement curves of initial
shape and optimal shape of example 2 without thickness variation.
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Using the non-parametric shape optimization system introduced in
Section 3.4, we design the optimal shape of the SPD without con-
sidering thickness variation shown as Fig. 11 at first. Fig. 11(a) shows
the front view of the optimal shape of the specimen and the FEM model.
In the optimal shape, the right and left sides of the SPD connected to the
support members extend, whereas the middle part of the SPD shrinks.
Fig. 11(b) shows the isometric view of the optimal FEM model, in which
we can see that the thickness of the SPD is maintained as the same as
the initial model without any variation. We show the iteration history
of the shape design optimization of the SPD in Fig. 12, in which the
objective function W is enhanced by 19% normalized to the initial
shape under the volume constraint. To confirm this enhancement, the
comparison of reaction force-enforced displacement curves of initial
shape and optimal shape is shown in Fig. 13. The gross area (i.e. energy
absorption) of the optimal shape is obviously larger than that of the
initial shape, which can verify the validity and the effectiveness of the
developed shape optimization method. We compare the contour maps
of plastic strain distribution in the last load step of the initial shape and
the optimal shape in Fig. 14. In the initial shape shown in Fig. 14(a), the
plastic strain concentrates on the four corners of the SPD and reaches to

a maximum value of 4.79, whereas the plastic strain concentrates on
the center part of the SPD and becomes moderate owning a maximum
value of 6.24 in the optimal shape as shown in Fig. 14(b). We also
performed the cyclic loading test of the specimen of the optimal SPD.
The comparison of the results of the energy absorption obtained from
FEM and experiment is shown in Fig. 15, in which the energy absorp-
tion of FEM is also a little higher than that of experiment in most of the
cyclic step because of the same reason illustrated above. Fig. 15 also
shows the photos on the spot of the optimal SPD at steps 1, 7 and, 14
during the cyclic loading test.

One of the advantages of the developed shape optimization method
of SPDs is that this method can also design SPDs in the thickness di-
rection. In the case of with considering thickness variation during the
shape design optimization, the boundary conditions of elastic-plastic
analysis and velocity analysis are almost the same as the case of without
considering the thickness, but all of the nodes on the SPD are free in x3
direction in velocity analysis. We show the front view and the isometric
view of the optimal FEM model with considering thickness variation in
Fig. 16, in which we can see that the thickness of the SPD (initial
thickness 7mm) is also optimized between 4.1mm and 9.3 mm. The
iteration history of the shape design optimization of the SPD with
considering thickness variation is shown in Fig. 17, in which the ob-
jective function W is enhanced by 31% normalized to the initial shape
while satisfying the volume constraint. Hence, the optimal shape with
considering thickness variation is more effective to resist cyclic loading
than that without considering thickness variation (enhanced by 18%).

5.3. Design example 2

In the designing of SPDs, defects (e.g. holes) on SPDs are usually
considered to meet some functional designs. For this reason, we design
a SPD with holes by using the developed shape optimization method in
the second example. Fig. 18(a) and (b) show the front view and iso-
metric view of the initial shape of the SPD, respectively. In this ex-
ample, two holes are set on the initial shape that with the same size of
example 1. The FEM model for elastic-plastic analysis and velocity
analysis contains 3127 nodes and 1840 elements. The boundary con-
ditions of elastic-plastic analysis and velocity analysis of this example
are totally the same as that of example 1. We also performed the cyclic
loading test to measure the energy absorption in this example. The
photo of the specimen of the initial shape of the SPD is shown in

Fig. 23. Contour maps of plastic strain distribution in the SPDs of example 2 at the last cyclic step.

Fig. 24. Numerical vs. Experimental results of energy absorption of optimal
shape of Example 2 without thickness variation.
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Fig. 18(a). The comparison of the results of the energy absorption ob-
tained from FEM and experiment of the initial shape is shown in Fig. 19,
in which the results match each other very well. We also present the
photos on the spot of the initial SPD with two holes at steps 1, 7 and, 14
during the cyclic loading test in Fig. 19.

In the case of without considering thickness variation, we carry out
shape design optimization of the SPD and show the optimal shape in
Fig. 20. From the front view of the optimal shape shown in Fig. 20(a),
the right and left sides connected to the support members of the optimal
SPD extend and the middle part of the SPD shrinks. From the isometric
view of the optimal shape shown in Fig. 20(b), the thickness of the SPD
does not change and maintains 7mm as the same as the initial model.
The iteration history of this shape design optimization is shown in
Fig. 21, in which the objective function W is enhanced by 57% nor-
malized to the initial shape while satisfying the volume constraint.
Fig. 22 shows the comparison of reaction force-enforced displacement
curves of initial shape and optimal shape, where the gross area (i.e.
energy absorption) of the optimal shape is obviously larger than that of
the initial shape. To confirm the advanced plastic behavior of the op-
timal shape, the contour maps of plastic strain distribution in the last
load step of the initial shape and the optimal shape are shown in
Fig. 23. The maximum value of the plastic strain increases from 5.59
(initial shape) to 8.24 (optimal shape). We performed the cyclic loading
test of the specimen shown as Fig. 20(a). The comparison of the results
of the energy absorption obtained from FEM and experiment is shown
in Fig. 24, where the results match each other very well in most of the
cyclic step. Fig. 24 also shows the photos on the spot of the optimal SPD
with two holes at steps 1, 7 and, 14 during the cyclic loading test.

Considering the thickness variation, we design the SPD shown in
Fig. 18 by using the developed non-parametric shape optimization
method. In this case, the boundary conditions of elastic-plastic analysis
and velocity analysis are almost the same as the case of without con-
sidering the thickness, except for that all of the nodes on the SPD are
free in x3 direction in velocity analysis. The front view and the isometric
view of the optimal FEM model of the SPD with considering thickness
variation are shown in Fig. 25(a) and (b), respectively. The thickness of
the SPD (initial thickness 7mm) is optimized between 3.5 mm and
9.0 mm. From the iteration history shown in Fig. 26, the objective
function W is enhanced by 76% normalized to the initial shape, which
is more effective than optimizing the SPD without considering thickness
variation. Thus, the developed shape optimization method shows an
advantage of designing SPDs with considering thickness variation.

At last, we compare the energy absorption amount per unit volume

Fig. 25. Optimal shape of example 2 with thickness variation.

Fig. 26. Iteration history of example 2 with thickness variation.

Fig. 27. Comparison of the energy absorption amount per unit volume of the
numerical models of SPDs in Examples 1 and 2.
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of the six numerical models of SPDs (Figs. 8, 11, 16, 18, 20, and 25)
determined from FEM in Examples 1 and 2, and shown the comparison
results in Fig. 27. The SPDs without holes owns higher energy ab-
sorption amount per unit volume in the initial model, the optimal
model without considering thickness variation, and the optimal model
considering thickness variation. In each example of SPDs without or
with holes, the optimal models considering thickness variation shows
the highest LCF behavior. Thus, the developed shape optimization
process for solid continua under cyclic loading shows an advantage of
design in the thickness direction of SPDs.

6. Conclusions

In summary, we developed a non-parametric shape optimization
method for designing SPDs involving cyclic loading to enhance their
LCF behavior and performed cyclic loading test for experimental ver-
ification. We considered the geometric and material nonlinearities, and
employed the plastic work in terms of the Mises stress as the objective
function in the present work. Shape gradient function was theoretically
derived based on the Lagrange multiplier method, the material deri-
vative formula, and the adjoint analysis. After velocity analysis, shape
update was carried out based on the traction method under the volume
constraint. We design two examples of SPDs without and with holes to
confirm the validity and effectiveness of the developed shape optimi-
zation method. The results show that the objective function of optimal
shape in each example was enhanced from 18% to 76%. We also per-
formed cyclic loading test to verify the numerical analysis of the initial
and optimal shapes. According to the comparison, the FEM and ex-
perimental results of energy absorption match each other very well in
most of the cyclic step. Moreover, in each example, we executed two
cases of shape design optimization of SPDs without/with considering
thickness variation and concluded that the developed shape optimiza-
tion method can design a SPD more effectively to resist cyclic loading
with considering thickness variation. At last, we need to point out that
the shape optimization method developed in the present work is not
only used to design SPDs, but also can be applied in designing other
nonlinear solid continua considering large deformation.
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